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The number of factorizations of an n-cycle into n - 1 transpositions is determined under the 
assumption that factorizations are counted as different if and only if they cannot be commuted 
into one another. 
It is well known that an n-cycle can be written as a product of n - 1 and no 
fewer transpositions. We will call such a factorization of an n-cycle short. How 
many short factorizations are there? The quick, easy answer is nnD2 (see [4, 61). 
The trouble with this answer is that certain factorizations are counted as different 
which are only trivially different. For example, (12)(3 4)( 13) and (3 4)(12)(13) 
are counted as different factorizations of (12 3 4). 
In this articlei we obtain an answer to the above question subject to the 
condition that two factorizations are to be regarded as equal if and only if one can 
be commuted into the other one. To be precise, call two factorizations f and g of 
a permutation p equivalent if there exis$ a sequence of factorizations 
ff 09 f 190•-9 m of p such that f. = f, fm = g, and each fi, 1 G i G m, is obtained from 
its predecessor f;:_1 by commuting exactly two adjacent transpositions. For 
example, the following short factorizations of (12 3 4 5 6) are equivalent: 
(12)(13)(4 5)(4 6)(14). (12)(4 5)(13)(4 6)(14), 
(‘12)(4 5)(4 6)(13)(14), (4 5X12)(4 6)(13)(14), 
(4 5)(4 6)U 2)U 3)U 4). 
Obviously, equivalence is an equivalence relation, and our goal, restated, is to 
determine the number of equivalence classes of short factorizations of an n-cycle. 
With this in mind, we will proceed as if equivalence were equality. 
Lemma I. Zf cl, . . . , c, are disjoiret cycles of Iengths nl , . . . , n,, respectively, then 
the product cl l l l c, can be written as a product of no fewer than (nI - 1) + . l . + 
( nr - 1) transpositions. Moreover, any factorization of cl 9 l l c, into (nl - 1) + 
l 9 l + (n, - 1) transpositions, where each ni > 1, is equivalent to one of the form 
fi l l l 5 wheWi,. . . ,fr are short factorizations of cl, _ . . , c,, respectively. 
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Proof. If c is an x-cycle, define v(c) = n - 1. For an arbitrary permutation 
p # (l), define v(p) = v(c,) + l l l + v(cr) where cl l . l c, is the unique (up to 
order) factorization of p into disjoint cycles of length X. Then it is easy to verify 
v(g) - 1 s v(tp) c v(p) + 1 
for any transposition t and any permutation p. In fact, if both elements Q and 6 of 
t = (a b) are contained in a single component ci of p, equality on the left will 
ho!d, and, otherwise, equality on the right will hold. _ 
We will prove by induction on s that if p = tl . o . t, where tI, . . . , t, are 
transpositions, then s 2 v(p). The ass&ion is obvious for s = 1. For the general 
case, tip = t2 . . . t, and, therefore, by the inductive assumption and (*), 
and the result follows. Moreover, the argument shows that in order to have 
v(p)=s wherep=t,... r,, each ti must be contained in a component ci of p. 
Thus, the tis contained in any one component w. _ ;I’ commute with the tis contained 
in any other component. The second statement of the lemma follows. Cl 
Let A(n) denote the set of short factorizations of x = (12 . . . n) and for 
i=O,l,...,n - 2, let A%+,(n) and A 2i+2(nj denote the sets of elements of A(n) 
which (are equivalent to ones which) end and begin, respectively, with the 
transposition Xi = x-‘(12)x’ = (i + 1 i + 2) (mod n). 
Lemma 2. A(n) = A,(n) U AZ(n) U l l l U Ati _2(n). 
Proof. Let us call a transposition good (re!ative to (12 . . . n)) if it is one of the 
fo!lewing: (12), (23), . . . , (n - 1 n), (n 1). -Also, call a prxluct tltz of two 
transpositions doubly good if both t1 and f2 are good and if tit2 = t2tl. In addition, 
we will say that a factorization has a good beginning, good ending, etc. if it is 
equivalent to one that has a good beginning, good ending, etc. We claim that any 
element of A(n) either h&l both a good beginning and a good ending or else a 
doubly good beginning or a doubly good ending. 
In other words, we claim that any element of A(n) can be written in one of the 
following forms: 
g . . . g or dg.. . or . . . dg, 
where g and dg denote good and doubly good, respectively. 
The proof of the claim is by induction starting with n = 3. Consider an element 
f& . . . t,_ 1 of A(n) which has a bad (i.e. not good) ending. We will show that 
it has a doubly good beginning. Since goodness is invariant under conjugation 
by x, we may assume that tn- 1 = (1 i) where i # 2, n. Hence, tl t2 . . . tn_2 = 
(12. . . i - l)(i i + 1. . . 12 j. By Lemma 1, WC= lfiay assume that ‘*lt2 . . . ii-2 = 
(12 . . . i - 1) and ti-1 ti. . . tn-2= (i i + 1. . . n). Since tlt2. . . tn_l has a bad 
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ending, the only possible good endings for flf2 . . . ti-2 (relative to (12 . . , i - 3)) 
are (1 i - 1) and (12). It follows from the induction hypothesis that flf2 . . . ti_1 
has a good beginning relative to (12, . . . n). Similarly, ti_1 ti . . . tn_2 must have 
a good beginning relative to (12 . . . n). Thus, tlt2 . . . tn+ has a doubly good 
beginning. The claim follows. 
If a short factorization of (12. . . n) begins or ends with (1 n), a simple 
modification of the above argument shows that it begins or ends with some other 
good factor. Hence, the lemma follows. Cl 
One may use the formula of Lemma 2 to generate the sets A(n) recursively. 
For example, given that A(3) = {(12)(13), (2 3)(12), (13)(2 3)}, one obtains: 
A(4) = & ({ YXi : y is a short factorization Of Xxi} 
U {XiZ :z is a short factorization of Xix}) 
= ((2 3)(2 4)(12), (3 4)(2 3)(12), (2 4)(3 4)(12)} 
u {(12)(13)(14), (12)(3 4)(13), (12)(14)(3 4)) 
u {(13)(14)(2 3)9 (3 4)(13)(2 3)9 (14)(3 4)(2 3)) 
u ((2 3)(12)(14), (2 3)(2 4)(12), (2 3)(14)(2 4)) 
u W2)(I 4)(3 4)9 (2 4)U 2)(3 4)* (14)(2 4)(3 4)) 
u ((3 4)(12)(13)9 (3 4)(2 3)(12)9 (3 4)(13)(2 3)) 
= ((2 3)(2 4)(12), (3 4)(2 3)(12), (2 4)(2 3)(12), 
(12)U 3)(14), (12)(3 4)(13), (I 2)U 4)(3 4) 
(13)(14)(2 3), (3 4)(13)(2 3), (14)(3 4)(2 3) 
(2 3)(12)(14), (2 3)(14)(2 4) (14)(2 4)(3 4)). 
Proofs of the following two lemmas are straightforward and are left to the 
reader. (Lemma 3 is often referred to as the inclusion-exclusion principle.) 
Lemma 3. If S,, . . . . , S,,, are finite sets, then 
I I fi Si = 2 ISil - C ISi, fl Si21 + i = 1 i=l ilCi2 
+(-l)r+l c I&n* 
ilC ---CC 
. . . 
Lemma 4. The set of r-tuples (iI, . . . , ir) such that 16 iI < l l = < i, 6 m and 
. 
lk+f -ik~3forallk=1,....,t-1hascardinalityequalto(m-~+2). 
Define u(n) = IA(n 
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Lemma 5. a(2) = 1, a(3) = 3, and 
a(n) = lz,cnl (-l)icL(z(n- i))a(n - i) 
i=l 
f orn=4,5,.... 
ipr&. Since ~~‘(1 2)x% is an (n - I)-cycle, IAi( = a(n - 1) for all i = 
1,2, . . . , 2n - 2. More generally, for 1 S il < l l l < i, S 2n - 2, it is easy to see 
that 
lAi, n 
r) if ik+l-ik 33forallk=l,...,r-1 
otherwise. 
The truth of the lemma now follows from Lemmas 3 and 4. Cl 
The formula of Lemma 5 yields the sequence 1,3,12,55,273,1428,7752, . . . . 
The author is grateful to D. Mesner for tracing this sequence to [l] which led to 
the conjecture of the result below. The referee points out that the result could 
have been obtained directly by Lagrange inversion (see e.g. [3]). 
Theorem. The number of short factorizations of (12. . . n) is 
b(n)=& - (“,“I;)) 
f orn=2,3,4 ,.... 
It is of interest to note that b(n + 1) is the case r = 3 of the “generalized 
Catalan number” 
1 
“=(r-l)n+l 
which, among other things, counts r-ary trees with n internal nodes. For a 
discussion of the basic properties of generalized Catalan numbers (and for further 
references) see [2]. The sequence of the theorem is also discussed in [l] and is a 
generalization of the number of triangulations of a polygon with n vertices (see 
M) . 
To prove the theorem, it suffices to prove the formula of Lemma 5 with a(k) 
replaced by b(k). Thus, we shall prove: 
2 (-Qi+l 
i=02n - 2i - 1 
(2!,- ‘))( 3(nn_/_ll)) = O 
(1) 
for n = 3,4,5, . . . , where m = [2ni3]. 
The simple proof below, based on Lemma 6, was suggested by the referee. It is 
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of interest to note that the hypergeometric series approach described in [7] will 
also prove (1). 
Lell.M8la 6. If p(i) is a polynomial of degree less than m, then 
2 (-l)‘(T)p(i) = 0. 
i=O 
The lemma is well-lcnown and easy to prove (see e.g. [3, p. 131). We can prove 
(1) as follows: First, if we replace i by it - i the sum becomes 
n 
c 
(-l)n-++l( 2i )(“i -3). 
i=n__m 2i-1 n-i i-1 
Next, expressing the binomial coefficients as factorials and rearranging yields 
Finally, replacing i by i + 1 and observing that we may begin the summation at 
i = 0 we obtain 
y - :,‘i 5’ y -i( n T l)p(i) 
n- 
where p(i) is the polynomial (2i + 2)(,&) of degree n - 2 and, hence, by the 
lemma, the sum is zero. Cl 
Note added in proof 
The main result of this paper has also been proved by J. Longyear using a 
different method. Longyear’s paper will be published as part of a special issue of 
Discrete Mathematics. 
References 
PI 
PI 
PI 
141 
PI 
M 
(71 
L.W. Beineke and R.E. Pippert, Elementary k-dimensional trees and Ball dissections, Proceed- 
ings of the Second Chapel Hill Conference on Combinatorial Mathematics and its Applications 
(University of N. Carolina at Chapel Hill, May, 1970) 12-26. 
J. Cigler, Some remarks on Catalan families, Europ. J. Combinatorics 8 (1987) 261-267. 
L. Comtet, Advanced Combinatorics, revised and enlarged edition (Reidel, Holland, 1974). 
J. Denes, The representation of a permutation as the product of a minimal number of 
transpositions, and its application to the theory of graphs, Publ. Math. Institute Hung. Acad. Sci. 
4 (1959) 63-71. 
R.K. Guy, Dissecting a polygon into triangles, Bull. Malayan Math. Sot. 5 (1958) 57-60. Same 
title, Research Paper No. 9, The University of Calgary (1967). 
O.P. Lossers, Solution of E3058, Amer. Math. Monthly 93 (1986) 820-821. 
R. Roy, Binomial identities and hypergeometric series, Amer. Math. Monthly 94 (1987) 36-46. 
